The lepton-flavour-violating decay K L → eµ is studied in detail within the context of SU(2) R ⊗SU(2) L ⊗U(1) (B−L) models, which include heavy Majorana neutrinos. Particular attention is paid to the gauge independence of this decay process to one loop. In analogy with earlier studies on the K 0K 0 mixing, it is explicitly shown how restoration of gauge invariance occurs in the decay amplitude containing the box diagrams, when the relevant Higgs-dependent self-energy and vertex graphs are taken into account in the on-shell skeleton renormalization scheme. Based on the analytic expressions so derived, we find that the branching ratio B(K L → eµ) can be considerably enhanced due to the presence of left-and right-handed currents in the loop, and can reach values close to or even larger than the present experimental limit 3.3 × 10 −11 in the manifest left-right symmetric model. Constraints on the parameter space of typical left-right models are derived from the possible decay K L → eµ and a global analysis of other low-energy data. †
Introduction
Experiments involving kaons or kaon decays have reached a high level of accuracy and are therefore very sensitive to probe new physics beyond the minimal Standard Model (SM). For example, studying the small mass difference ∆M K between the long-lived kaon K L and the short-lived one K S is one such measurement of amazing precision. In the K 0K 0 system, the observable ∆M K /M K is very accurately established at the level of 10 −15 [1] , in line with predictions in the SM [2] . Other experiments sensitive to new-physics scenarios look for possible lepton-flavour-violating decays of the type K L → eµ. The experimental upper bound on the branching ratio B(K L → eµ) is very stringent [1] , i.e.,
at 90% confidence level. Ongoing experiments at BNL, KEK and, more recently, at DAΦNE are expected to lower the above bound by one order of magnitude. Although the decay K L → eµ is strictly forbidden in the SM due to the absolute conservation of the individual leptonic quantum numbers, lepton-flavour violation occurs almost inevitably in many of its extensions. For example, many studies have been devoted to analyze such a decay in models based on technicolour [3] , supersymmetry [4] , horizontal symmetry [5] , extended scalar [6] and gauge sector [7, 8, 9, 10] . Thus, experiments on K L → eµ provide a unique opportunity either to discover new physics or to constrain efficiently the parameter space of these theories.
In this paper, we shall present a careful analysis of K L → eµ in left-right models, which are realized by the gauge group SU(2) R ⊗SU(2) L ⊗U(1) (B−L) and include heavy Majorana neutrinos [11] . These theories also allow for scenarios with high Dirac mass terms of order of top quark mass without invalidating experimental limits on light neutrino masses. In these scenarios, the usual see-saw suppression relations [12] for the light-heavy neutrino mixings may be avoided. In particular, it has been found that the large Dirac masses give rise to a non-decoupling behaviour of the heavy neutrinos in loops [13, 14] , thereby enhancing significantly the decay rate for possible lepton-flavour-violating processes, such as Z → eτ [15] and the size of related new-physics observables at LEP1 [16, 17] . This feature makes the left-right models very attractive. Apart from taking properly into consideration the non-decoupling effect of heavy neutrinos, we shall also analyze the impact of other lowenergy data on the theoretical prediction for B(K L → eµ), such as those coming from the non-observation of the decay µ → eγ and the K L K S mass difference.
Another important issue, which is to be discussed in detail, is the lack of gauge invariance, when only contributions from one-loop box diagrams to the decay K L → eµ are considered. Studies on the K 0K 0 system revealed [8, 18, 19] that box diagrams by themselves do not form a gauge-invariant set of loop graphs in the left-right models. In addition to the box graphs, one has to take into account self-energy and vertex corrections involving very heavy Higgs bosons, which mediate flavour-changing neutral currents (FCNC). Even if the FCNC Higgs bosons were taken to have all infinite masses, their effect would not decouple from the loop. In the infinite mass limit for the heavy Higgs scalars, the residual terms are also gauge dependent and cancel against similar gauge-dependent terms coming from the box graphs, leading eventually to a gauge-invariant result. While the inclusion of the gauge-dependent Higgs self-energies to the K L K S mass difference leads to little change in the value predicted by the box graphs, the situation for the decay K L → eµ is strikingly different. We find that the residual gauge-dependent terms originating from the self-energy and vertex graphs may be comparable to or even larger than the box corrections. As a consequence, the constraints on the parameter space of the left-right models will now become much more severe than those obtained in earlier articles [9, 10] . Our calculation of the gauge-independent decay amplitude for K L → eµ at one loop and the analysis of its immediate phenomenological consequence constitute novel aspects for the left-right models, which have not been studied in detail before.
The paper is organized as follows: In Section 2, we describe the basic low-energy structure of the left-right models and review many useful relations among mixing parameters and neutrino masses, as well as relations involving gauge-and Higgs-boson masses. In Section 3, we calculate the matrix element for the decay K L → eµ and derive mass limits on the FCNC Higgs masses from the tree-level contribution and other theoretical considerations. All relevant Feynman rules and one-loop analytic expressions pertaining to K L → eµ are given in Appendices A and B, respectively. In Section 4, we show how gauge independence gets restored, when Higgs-mediated self-energy and vertex graphs are taken into account in addition to the box diagrams within the well-defined on-shell skeleton renormalization scheme. A detailed discussion on the dependence of B(K L → eµ) on various kinematic parameters follow in Section 5. Numerical estimates for the actual size of B(K L → eµ) are given within manifest as well as non-manifest left-right symmetric models. This enables one to deduce combined constraints on the parameters of these models. Our conclusions are summarized in Section 6.
SU(2) R ⊗SU(2) L ⊗U(1) (B−L) model
The idea of having spontaneous breakdown of both gauge and discrete symmetries can naturally be realized in left-right theories based on the gauge group SU(2) R ⊗SU(2) L ⊗U(1) (B−L) [20, 21, 11] , where B and L denote baryon and lepton numbers, respectively. Such a realization may arise from the low-energy limit of SO(10) grand unified theories. Specifically, one of the most appealing breaking patterns of SO (10) down to the SM is the following:
(2.1)
Among the several Higgs scalar representations which can lead to the SM, we shall adopt the field content of the left-right model introduced first in [11] , which includes heavy Majorana neutrinos.
We will now describe the basic low-energy structure of the left-right models. In a three-generation left-right model, the left-handed and right-handed chiral fields are grouped in separate weak iso-doublets as follows:
2)
where the weak eigenstates are denoted by a prime. In Eq. (2.2), we have also indicated the assignment of quantum numbers to fermions under the gauge group SU(2) R ⊗SU(2) L ⊗U(1) (B−L) . Evidently, the above left-right symmetric extension of the SM gauge sector requires the presence of right-handed neutrinos.
The Higgs fields introduced into the model to break left-right gauge symmetry down to U(1) em [11] are:
4) where Φ is a (1/2 * , 1/2, 0) Higgs bidoublet, and ∆ L and ∆ R are two complex Higgs triplets with quantum numbers (0, 1, 2) and (1, 0, 2), respectively. To avoid excessive complication, we will assume that only φ 
Such a scheme is also favoured for phenomenological reasons [22] . At the tree level [23, 8] , the vanishing of the VEV's for the neutral fields φ can be achieved by imposing invariance of the left-right symmetric Higgs potential under the discrete symmetry D: Φ → iΦ, ∆ L → ∆ L and ∆ R → −∆ R . As has been observed in [24] , however, the D symmetry may suppress unnaturally large FCNC's but leads to zero masses for the down quarks and the charged leptons. Even though the latter may be viewed as a viable approximation for K L → eµ, the presence of non-zero m d i and m l i would require infinite renormalization of the VEV of δ 0 L . To overcome this problem, the authors in [24] suggested that stability of such a model under high order quantum corrections can naturally be achieved within a D-parity breaking scenario. Since we shall treat charged leptons and down-type quarks as being strictly massless at the quantum level, the above problem does not occur in our calculations.
The left-right scenario of our interest is further described in Ref. [22] , under case (d). The fact that δ 
As we will see in Section 3, the scalars φ r,i 2 must be very heavy, i.e., heavier than 10 TeV, in order to avoid large FCNC contributions to the K L K S mass difference. Furthermore, after diagonalization of the relevant mass matrices, h ± and φ r,i 2 are found to be nearly degenerate [22] . In fact, one obtains
Therefore, it is reasonable to assume that the Higgs scalars h ± , φ The left-right model admits the presence of B − L-violating operators in the Yukawa sector, which are introduced by the triplet fields ∆ L,R in the following way:
where ε ij is the usual Levi-Civita tensor, m M ij are Majorana mass terms and h ij are Yukawa couplings, which are much smaller than unity owing to phenomenological constraints from muon and τ decays [22] . After spontaneous symmetry breaking, the Lagrangian describing the neutrino mass matrix is given by 8) where the 6 × 6-dimensional matrix M ν takes on the known see-saw-type form, i.e.,
The Dirac mass matrix m D is a 3 × 3-dimensional matrix originating from the breaking of the SU(2) L sector. In general, the matrix M ν is always diagonalizable by a 6 × 6 unitary
After diagonalization, one gets six physical Majorana neutrinos n i . Three of the six masseigenstates are assigned to the ordinary light neutrinos, ν e , ν µ and ν τ , while the remaining three states, N 1 , N 2 and N 3 , describe new Majorana neutrinos, which must be heavier than about 100 GeV for phenomenological reasons [26] .
By analogy, the 3 × 3 charged-lepton mass matrix M l can always be diagonalized through the bi-unitary transformation
where V L and V R are unitary matrices that relate the weak fields l ′ L and l ′ R to the mass eigenstates l L and l R , respectively. Adopting the conventions of Ref. [26] , we can now write the charged-current interaction of the Majorana neutrinos n i and charged leptons l i with the left-handed gauge boson W ± L (≡ W ± ). The charged-current Lagrangian is given by 12) where g w is the weak coupling constant, c 13) which describes the mixing of the left-handed charged leptons with the neutrinos. Furthermore, the Z L boson couples to the Majorana neutrinos through the 6 × 6 mixing matrix
In an analogous way, the mixing matrices B R li and C R ij , 15) mediate the interactions of the W ± R and Z R bosons to the charged leptons and Majorana neutrinos. In the left-right models, the quark sector is modified as well, namely, there are additional couplings of the fermionic fields to the gauge and extra Higgs bosons. All Feynman rules that are necessary for the calculation of K L → eµ are relegated to Appendix A.
The left-handed flavour-mixing matrices B L and C L , which are identical to the respective mixing matrices B and C of the SM with right-handed neutrinos, satisfy a number of identities that may be found in [26, 14] . In addition, the right-handed mixing matrices B R and C R obey the relations [17] :
These identities is a direct consequence of the unitarity of the theory, assuring its renormalizability. To simplify further the analysis of K L → eµ, we shall assume that only the electron and muon families mix effectively, whereas the τ family stays unmixed. In such an effective two-generation-mixing model, one obtains [13, 14] 17) where the ratio ρ = m 2 N 2 /m 2 N 1 is always understood to be greater or equal than unity and s ν l L (with l = e, µ) are the light-heavy neutrino mixings introduced in [27] 
In addition, for the mixings C
, one finds are given by
Counting now the number of independent kinematic parameters present in the leptonic sector of our two-generation left-right model, we find five free quantities: L are very suppressed, since they are governed from the relation s
The usual seesaw models predict very small rates for lepton-flavour-violating decays, such as K L → eµ, µ → eee, etc., which are beyond the realm of detection in any foreseeable experiment. The situation may change drastically if a non-trivial mixing between two families [28] is introduced. To give an example, consider the following Dirac and Majorana sub-matrices in Eq. (2.9):
where a, b, A and µ are arbitrary complex numbers. It is then easy to verify that the rank of the 4 × 4 matrix M ν is two. This implies that two eigenstates are exactly massless at the tree level, whereas the other two are massive. The scheme in Eq. (2.21) may also be derived from an horizontal symmetry, which is broken softly by a lepton-number-violating operator proportional to µ. In fact, if µ arises from the spontaneous breakdown of a global symmetry, then it should be µ ≪ A in order to avoid large Majoron couplings to electron and u, d quarks, as is required from astrophysical considerations [25] . In this scenario, the light neutrinos acquire masses radiatively in agreement with experimental upper bounds [26] . Most importantly, the mixings s and (2.20) are based on non-seesaw scenarios of the generic form (2.21). These mixings can only be constrained from a global analysis of low-energy data.
There are many experimental data that can be used to constrain the light-heavy neutrino mixings [27] . Here, we shall however focus only on those limits that involve the e and µ families and are relevant for the decay K L → eµ. We shall also assume that the two heavy Majorana neutrinos N 1 and N 2 are almost degenerate in mass, namely, m N 1 = m N 2 = m N . Thus, charged current universality in π decays [29] and in the decay µ → eνν [1] lead to the limits:
Furthermore, in the large m N limit, heavy Majorana neutrinos give rise to µ → eγ decays with branching ratio
On the experimental side, B exp (µ → eγ) ≤ 4.9 × 10 −11 , which yields the tight constraint:
For the model at hand, the absence of µ − e conversion events in nuclei [30] may lead to more stringent bounds due to the non-decoupling behaviour of the heavy neutrinos in the Zeµ coupling [15] . A first estimate gives In the see-saw type matrix (2.9), the Dirac and Majorana mass terms, m D and m M , cannot be arbitrarily large but are constrained from above by triviality and perturbative unitarity bounds. Renormalization-group-triviality bounds, which are mainly controlled by large contributions to the quartic scalar couplings in the Higgs potential, usually lead to the limit: m D < 2M W /g w ≈ 300 GeV. However, the coexistence of large Majorana masses m M ≫ m D in the loop of the Higgs potential will screen the one-loop contributions of the heavy neutrinos to the Higgs potential considerably. In fact, the low-energy data mentioned above require m D /m M < 10 −1 . Therefore, a more reliable constraint arises due to perturbative unitarity, where the inequality
is imposed. This inequality amounts to the bound
Similarly, the Majorana mass m M may be constrained from an analogous inequality Γ(N → lW
The limits derived in Eqs. (2.26) and (2.27) are used throughout our analysis.
Matrix element of K L → eµ
In the left-right models, the lepton-flavour violating decay K L → eµ can occur at the tree level via the exchange of FCNC Higgs scalars, as shown in Fig. 1 . However, for very heavy FCNC Higgs masses, the tree-level contribution gets rather suppressed due to the intermediate Higgs-boson propagator, while one-loop graphs shown in Figs. 2-4 can, in principle, become very significant, since they do not depend explicitly on the FCNC Higgs masses. Therefore, we shall include in our study all the relevant one-loop diagrams contributing to K L → eµ.
The one-loop matrix element of the decay K L → eµ has the general form
where the reduced amplitudes A and B are given in Appendix B. The parameter η in Eq. (3.1) is an enhancement factor originating from chirality-flipping operators which enter in the kaon-to-vacuum matrix element. The factor η is given by
where M K is the mass of K 0 , and m d and m s denote the current d-and s-quark masses, respectively [31] . In the derivation of the parameter η in Eq. (3.2), we have taken into account the PCAC hypothesis and the fact that
3)
The second term on the RHS of Eq. (3.3) must be a Lorentz tensor antisymmetric in p µ p ν and hence vanishes identically. Applying the PCAC hypothesis to the hadronic matrix element
where f K is the kaon decay constant, we can calculate the matrix element
Using the relations (3.3), (3.4), (3.5) and little algebra, the second equality in Eq. (3.2) follows easily.
Substituting Eq. (3.4) into Eq. (3.1), we find the branching ratio
where the charge of the leptons in the final state is not tagged. One arrives at the same result for B(K L → eµ) in Eq. (3.6), by using relations based on isospin invariance between the decay amplitudes ofK
The tree-level φ r,i 2 -exchange shown in Fig. 1 gives rise to a contribution to T (K 0 → eµ), which is proportional to the reduced amplitude
whereas A tree = 0. In Eq. (3.7), we have defined
There are tight experimental constraints on the masses of the FCNC scalars and the mixing angles, which depend on the flavour structure of the left-right model. For example, in non-manifest left-right models [9] , the experimental limit coming from the mass difference between K L and K S leads to the lower mass bound
If we impose a manifest left right-symmetry on the model, i.e., V L = V R = V , the mass bound (3.8) is even more severe, and the FCNC scalars must be heavier than 30 TeV [32] .
On the other hand, in the manifest left-right symmetric model, the tree-level contribution to K L → eµ yields the following constraint:
TeV , (3.9) which is comparable to the one obtained from the K L K S mass difference.
Another important bound comes from the requirement that the validity of perturbative expansion be preserved. The unitarity bound derived in this way is translated into the approximate inequality [33] M φ r,i 2
The above bound will be considered throughout our phenomenological analysis in Section smaller than the present experimental limits. However, the one-loop box diagrams shown in Figs. 2-5, being independent of the heavy neutral Higgs masses, can still give significant contributions to the decay K L → eµ. Therefore, the impact of the loop corrections on the phenomenological predictions should be studied very carefully. Thereby it should be kept in mind that the box diagrams alone do not form a gauge-invariant set, but vertex and Higgs vacuum polarization graphs must be included. This issue together with that of renormalization will be discussed in detail in the next section. 
Gauge independence and renormalization
In general, the W ± R and W ± L propagators depend on the gauge used to remove the unphysical degrees of freedom and on the parameter chosen for fixing such a gauge. There are many gauges to carry out this procedure, such as covariant R ξ gauges, non-covariant axial gauges, etc. Hence, the W ± R and W ± L propagators may introduce gauge-fixing-parameter dependence if only an arbitrary sub-set of loop graphs is considered. For example, considering box graphs only to describe the K 0K 0 mixing in left-right models is found to be insufficient to cancel such a dependence on the gauge-fixing parameter ξ [8, 18, 19, 9] .
In the following, we shall closer examine the gauge dependence of
on the W L and W R propagators in the covariant R ξ gauge. The R ξ gauge may be viewed as the most practicable class of gauges endowed with the manifest properties of Lorentz invariance and renormalizability. In particular, we wish to identify all those diagrams, which, together with the box graphs, form a minimal gauge-independent set. To this end, we have divided all the radiative corrections into four groups A-D, depending on the way that the W R and W L propagators enter in the loop. These assignments are represented in Figs. 2-5. It is then not difficult to verify that the groups of box graphs A and D are separately independent of the gauge-fixing parameter ξ. In the other classes of graphs, i.e., B and C, however, one must consider additional diagrams containing FCNC Higgs scalars and all relevant tadpoles, which are not shown in Figs. 3 and 4 . Since the self-energy diagrams in groups B and C are UV infinite, we will simplify our task by proving gauge independence after renormalization. This is indeed a rather economical way to check ξ independence, since a vast number of tadpoles, being momentum independent, will drop out, when all relevant renormalization subtractions are performed. For that purpose, we shall adopt the on-shell skeleton (OSS) renormalization scheme, which is also discussed in Ref. [19] .
The main virtue of the OSS scheme is its explicit maintenance of gauge independence during the process of renormalization. The OSS renormalization is based on subtracting lower n-point correlation functions from the transition amplitude under consideration. The lower n-point correlation functions, which normally represent self-energy and vertex graphs, are formally gauge independent, since they are evaluated at on-shell external momenta. More explicitly, the OSS scheme may be described as follows. Whenever we have to renormalize a vertex sub-graph, e.g., the one-loop φ
Figs. 4(c) and 4(d), we have just to make the subtraction
The above operation is called R1 subtraction. By analogy, we renormalize all the selfenergy graphs involving the FCNC Higgs bosons, e.g., Π φ r 2 (p 2 ) in Figs. 4(g) and 4(h), by making two subtractions defined as
which is characterized as R2 operation. In our analysis, we shall not study possible effects due to renormalization scheme dependence [34] , which are of high order. In any case, the lepton-flavour-violating decay K L → eµ would not constitute the best place to look for such effects.
In the following, we shall see how the box graphs in class C (Fig. 4) are ξ dependent and how gauge independence gets restored if the relevant Higgs self-energies and vertex graphs are taken into account in the OSS renormalization scheme. The same procedure may be applied to the class B. The class A and D are separately gauge independent and UV finite. Obviously, OSS renormalization cannot apply to the groups A and D, since they only consist of box diagrams. 
Gauge dependence of box diagrams
We start examining the gauge dependence of the box diagrams in class C shown in Fig.  4 in the R ξ gauges. In this class of gauges, the gauge-boson propagator, e.g., of the W L boson may conveniently be decomposed as follows:
where
is the respective W L -boson propagator in the unitary gauge and
is the ξ-dependent part of the W L -boson propagator. Note that ∆ ξ (k) coincides with the propagators of the would-be Goldstone boson G L and the ghost fields c L ,c L , which correspond to W L . Similarly, one can perform an analogous decomposition for W R -boson propagator, which will depend on another gauge-fixing parameter, e.g., ξ
′ . Such a decomposition is very useful to study the gauge independence of the class B, which is, however, conceptually very similar to that of the class C considered here. Finally, the propagator for the free charged Higgs bosons h ± is given by
which is independent of ξ.
To make use of the propagator decomposition mentioned above, we write the amplitude for the diagram (a) in Fig. 4 as a sum of two sub-amplitudes:
Omitting integration over the loop momentum, the sub-amplitudes are given by andT hG are the tree-level amplitudes depicted in Fig. 6 . These tree-level amplitudes read:
Using the propagator decomposition of Eq. (4.3), one can now write
with
Here, M U a denotes the amplitude of box diagram 4(a) in the unitary gauge, which does not explicitly depend on the gauge parameter ξ. In the unitary gauge, the unphysical Goldstone bosons (and ghosts) are absent.
The tree-level amplitudes given in Fig. 6 satisfy the following Ward identities:
where we have defined
With the help of the above Ward identities, the amplitude M where
Following a similar procedure for the diagram 4(b), we obtain
The final expression for the box graphs 4(a) and 4(b) takes the form
is the contribution of the box diagrams evaluated in the unitary gauge, and
The presence of the terms B V and B S , which are proportional to the gauge-dependent propagator ∆ ξ (k), implies that the box diagrams in class C do not form a gauge-invariant set, and that additional vertex and self-energy graphs must be considered.
OSS renormalization of vertex diagrams
We now consider the contribution of the vertex diagrams 4(c)-(f) in the OSS renormalization scheme. After performing the R1 subtraction given in Eq. (4.1), we obtain the following matrix element for the vertex graphs:
The functions E L ,Ẽ R , E R , andẼ L have previously been defined in Eqs. We now proceed by decomposing M R1 vertex in terms of an R1-subtracted amplitude in the unitary gauge and the remainder, i.e., 
we can cast the different terms on the RHS of Eq. (4.36) into the form
Using the Feynman rules given in Appendix A, we can calculate the analytic expressions for the one-loop vertices. These are given by
With the help of these expressions, it is now straightforward to show that
Evidently, in the evaluation of the total matrix element, V B will cancel against the ξ-dependent term B V coming from the box diagrams (cf. (4.29) ).
We will now determine the analytic form of the ξ-dependent term V S in Eq. (4.38). For this purpose, it is useful to introduce the abbreviation
We can now expressΓ ϕ r 2 (p 2 ) as follows: 
The first term on the RHS of Eq. (4.51) is needed to obtain M U,R1 vertex in Eq. (4.38), whereas the remainder is a function that depends on ξ explicitly. Including both φ r 2 and φ i 2 contributions, we obtain the ξ-dependent function V S
In the following, we shall show how the ξ-dependent terms V S and B S , defined in Eqs. (4.52) and (4.30), respectively, will cancel against corresponding ξ-dependent terms coming from the self-energy graphs, shown in Figs. 4(g) and 4(h).
OSS renormalization of self-energy diagrams
We shall now calculate the amplitude related to the self-energy graphs (g)-(h) in Fig. 4 . After carrying the R2 subtraction defined in Eq. (4.2), we may conveniently write the self-energy-like amplitude as
By analogy, we also write the self-energy of the FCNC scalars as a sum of two terms: The action of R2 operation on the self-energy Π
With the help of Eq. (4.55), the self-energy-like amplitude may be decomposed as follows:
57) 
Taking these last results into account, we obtain for the expression within the square brackets, which appears on the RHS of Eq. (4.57),
The first term in Eq. (4.64) is the φ r 2 self-energy in the unitary gauge, whereas the second term, being only linear in p 2 , will vanish after the R2 operation, which requires two sub-
tractions. As a result, M U,R2
self is indeed the OSS-renormalized self-energy-like amplitude in the unitary gauge.
We are then left with the gauge-dependent terms S B and S V , which can be conveniently re-expressed as follows:
65) This very last result concludes our proof of gauge-invariance of the diagrams in group C, presented in Fig. 4 .
To sum up, we have shown that the total amplitude M of the diagrams shown in Fig.  4 is ξ independent in the OSS renormalization scheme. As it should, M equals the result obtained in the unitary gauge, i.e.,
(4.68)
In particular, we have seen how the gauge-dependent terms originating from the box graphs cancel against self-energy and the vertex contributions after OSS renormalization. A line of similar steps may be followed to show the gauge independence of the group B. Therefore, expressions analogous to Eq. (4.68) are to be used in our phenomenological considerations in Section 5.
Discussion and numerical results
The branching ratio B(K L → eµ) given in Eq. (3.6) depends on the reduced amplitudes A and B, which in turn depend on many kinematic parameters. Since our analytic results are shown to be gauge independent in Section 4, we shall henceforth adopt the Feynman-'t Hooft gauge in the discussion that follows. First, we will qualitatively estimate the dominant one-loop contributions to the chirality enhanced amplitude B. Then, we will compare these estimates with those obtained for the K 0K 0 system and underline the crucial difference of the one-loop results for K L → eµ with those found for the K 0K 0 system. In addition, we will point out the main improvements of our analysis, compared to earlier studies. Using the complete analytic expressions listed in Appendix B, we will present numerical predictions for B(K L → eµ) in manifest and non-manifest left-right models and determine the allowed parameter space, when the experimental limit B exp in Eq. (1.1) is implemented.
We shall now discuss the qualitative behaviour of the individual contributions to the decay amplitude
In this heavyneutrino limit, the reduced amplitude, A LL , which describes the contribution from the two W L bosons in the loop, behaves as [13, 15, 16, 17] . For ultra-heavy neutrinos, the reduced amplitude A RR originating from two W R bosons shows up a behaviour quite analogous to A LL , i.e.,
In analogy to A LL , A RR vanishes when m M → ∞.
As has already been noticed in [10] , the dominant one-loop contribution to T (K 0 → e + µ − ) comes from the box graphs with virtual Goldstone bosons G Figs.  3(a) and 3(b) . In Section 4 we have seen however that the box graphs are not gauge independent by themselves, and it is therefore important to include the respective gaugedependent complements originating from graphs in Figs. 3(g) and 3 (h). If these additional contributions are included, we observe that the gauge-independent reduced amplitude ηB is still chirality enhanced due to the simultaneous presence of left-and right-handed currents in the loop. Expanding to leading order in the large parameters βλ
In the last approximate equality of Eq. (5.3), we have used again the fact that s ν l L m N ≈ m D and β ≪ 1. In contrast to A LL and A RR , ηB does not vanish in the m M /v R → ∞. This is a novel consequence of the left-right models and cannot occur in other models, in which gauge interactions conserve chirality, such as SU(2) L ⊗U(1) Y scenarios with right-handed neutrinos [26] .
Apart from restoration of gauge independence, it should be stressed again that the one-loop self-energies of the FCNC Higgs scalars play a very crucial rôle in the phenomenology of K L → eµ. In the Feynman-'t Hooft gauge, the dominant contribution to the reduced amplitude B is due the Higgs self-energies in Figs. 3(g) and 3(h) . Their contribution relative to the box diagrams may be determined from the ratio
We see that the contribution of the FCNC Higgs self-energies to T (K 0 → e + µ − ) is considerably enhanced by a factor ∼ 1/β in comparison with that of the box diagrams. From Eq. (5.4), we can readily deduce that r box/FCNC ≤ 1, unless β ≤ 0.01 and m N ≤ 1 TeV. However, for the parameter range, in which the box graphs are dominant, we find that the branching ratio is at least by one order of magnitude smaller than the present experimental limit B exp given in Eq. (1.1).
In the manifest left-right symmetric model (LRSM) (i.e., V L = V R = V ), the chirality enhanced amplitude ηB in Eq. (5.3) can lead to a combined constraint on m D and M R , when the experimental limit on K L → eµ is considered. In particular, we find the inequality
If we assume the lowest W R -boson mass allowed from K 0K 0 mixing [35, 36] , i.e., M R = 1.5
TeV, this then leads to m D < 45 GeV. This bound becomes much weaker for heavy W R bosons, e.g., m D < 0.5 TeV for M R = 5 TeV.
In the manifest LRSM, the largest effect in the decay amplitude due to the box graphs comes from the top quark, whereas charm-quark effects are in general sub-dominant. The relative behaviour of the charm-to top-quark contribution is given by the ratio
From Eq. (5.6), we see that top-quark mass effects dominate over the charm-quark effects in the box diagrams, when m N ≫ M R . The situation is very different for the K 0K 0 mixing, in which charm-quark yields the most dominant contribution in the loop [19] . The reason for this crucial difference is that the one-loop box functions show up an enhanced behaviour, when the largest fermionic mass in the loop is much bigger than M R . Obviously, in K 0K 0 mixing, the highest fermionic mass scale is set up by the top quark, which is much smaller than the W R -boson mass, whereas the heavy neutrinos can be much heavier than W R in the decay amplitude for K L → eµ. In the manifest LRSM, we can estimate the relative contribution of the one-loop box functions for the two cases mentioned above as follows:
This discussion shows how heavy Majorana neutrinos with masses m N ≫ M R are phenomenologically very significant for enhancing the decay rate of K L → eµ.
The decay K L → eµ can also proceed via a tree-level FCNC Higgs exchange. Therefore, it is most important to compare the FCNC self-energy contribution with that of the tree-level amplitude. In particular, we find the ratio
It is easy to see that B(3g + 3h) is getting larger than B tree for M φ > ∼ 15M R . On the other hand, the constraint that theory should remain perturbative at high energies gives rise to the unitarity bound in Eq. (3.10). As opposed to K 0K 0 mixing, the tree-level Higgs contributions to the decay K L → eµ are always comparable to the one-loop effects, and hence both must be included in the analysis. This constitutes another non-trivial feature for the decay K L → eµ, which is to be examined carefully in the numerical estimates.
In the numerical estimates, we consider two representative variants of left-right models: (i) the manifest or pseudo-manifest we choose natural relations and mass hierarchies among the kinematic parameters of the left-right models. In particular, we set all heavy Higgs particles to be degenerate, i.e.,
. Already a small mass difference between the FCNC Higgs scalars would be sufficient to induce a large negative radiative shift in R b = Γ(Z → bb)/Γ(Z → hadrons), which would be incompatible with the existing tight constraints on this LEP observable [17] .
To reduce even further the number of the many free parameters, we fix (s For simplicity, we also assume that the two heavy neutrinos, N 1 and N 2 , have the same mass, i.e., m N 1 = m N 2 = m N , and the heavy neutrino mass m N is varied from 100 GeV up to the perturbative unitarity limit 50 TeV [26] , which is compatible with the limit of Eq. Since we are interested in investigating the individual tree and one-loop contributions to the decay amplitude T (K 0 → e + µ − ), our numerical estimates for B(K L → eµ) are computed from the four different squared matrix elements:
In Eq. (5.9), the type of lines used in the plots for the four different predictions is specified within the parentheses. The results obtained from the expressions I and II are those that are based on a consistent loop expansion of the squared decay amplitude
For comparison, we also give numerical estimates derived from the formulae III and IV.
In [17] . We see that the pure one-loop contributions to the squared decay amplitude (dotted line) are always comparable to the respective tree-level results (solid line). In the manifest LRSM, the W R -boson mass is severely constrained by the experimental limit on the K 0K 0 mixing. After including QCD corrections, the authors in [35] find M R > ∼ 2.5 TeV in the limit of very large FCNC Higgs masses. In all plots in Fig. 7 , we take M φ = 15M R , for definiteness. As can be seen from Fig. 7(c) , for example, for sufficiently heavy Majorana neutrinos, B(K L → eµ) may exceed the present experimental bound, which is indicated by an horizontal dotted line in all plots. Thus, for M R ≈ 2.5 TeV, we find that m N < ∼ 10 TeV, for the set of the input parameters mentioned above. Fig. 8 gives the numerical predictions obtained in the non-manifest LRSM. We use the same input parameters as those of Fig. 7 , except of the fact that we now consider the afore-mentioned V R matrix, which significantly suppresses the top-quark contribution in the loop. In this scenario, the chirality mass enhancement due to the heavy top quark is no longer applicable and pure loop-effects (dotted line) on K L → eµ are at most 10% in comparison to the tree-level results for the experimentally accessible region. In fact, the tree-level effects on K L → eµ are more significant than the manifest LRSM case. The latter leads to tighter constraints on the heavy Majorana mass m N . It is interesting to note that the non-manifest LRSM at hand does not invalidate the experimental bound due to K In Figs. 9 and 10, we examine the dependence of B(K L → eµ) as a function of M R in the manifest and non-manifest LRSM, respectively. We vary the W R -boson mass from 0.5 to 20 TeV, for different values of the heavy neutrino mass m N . The FCNC Higgs scalar mass M φ is also varied in linear dependence of M R , as is explicitly shown in the plots. As is expected, we observe the generic feature of decoupling of a very large W R mass from the theory. In the manifest LRSM (see Fig. 9 ), B(K L → eµ) is difficult to measure for M R > 7 TeV, even if rather heavy Majorana neutrinos and FCNC Higgs bosons are assumed. In the case of non-manifest LRSM, the respective mass bound is slightly weaker, i.e., M R > 10 TeV, as can be seen from 
Conclusions
We have studied the lepton-flavour-violating decay K L → eµ within the framework of SU(2) R ⊗SU(2) L ⊗U(1) (B−L) models. Experiments searching for this decay mode are very important, since they can offer complementary limits on the parameter space of the leftright models together with limits obtained from the absence of µ → eγ, µ − e conversion in nuclei and µ → eee, and from the observed K L K S mass difference.
We have seen that one-loop box diagrams are not sufficient to provide a gaugeinvariant result. Working in the R ξ gauges and adopting the well-defined OSS renormalization, we have shown explicitly how gauge independence is restored in the transition amplitude, T (K 0 → e + µ − ), at one loop, when the corresponding self-energy and vertex graphs involving the FCNC Higgs scalars are taken into account. In fact, in the Feynman-'t Hooft gauge, the gauge-dependent complements of the box graphs may become dominant for a large range of the parameters. This novel aspect has not been addressed in detail in the existing literature before.
Using gauge-independent analytic expressions for the one-loop matrix element, we have performed a systematic analysis studying the explicit dependence of B(K L → eµ) on the various kinematic parameters. If we keep the enhanced light-heavy neutrino mixing s ν l L ∼ m D /m M fixed and increase the high Dirac mass terms in the left-right model, which arise from the spontaneous breakdown of the SU(2) L gauge symmetry, we obtain a quadratic dependence of the one-loop transition amplitude on the heavy neutrino mass. In contrast, if we hold m D fixed below the perturbative unitarity bound but vary the Majorana mass scale m M , then the transition amplitude arising from the left-handed currents, e.g., from two W + L bosons, vanishes in the limit m M → ∞, namely, A LL → 0. As is expected on theoretical grounds, heavy neutrinos being singlets under SU(2) L will eventually decouple in this limit. Of course, these are known facts that have already been observed in [13] and subsequently discussed in many articles [14, 15, 16, 17] . Finally, our numerical estimates confirm the non-decoupling behaviour of the heavy neutrinos due to high SU(2) L Dirac mass terms.
In LRSM's with enhanced light-heavy neutrino mixing, however, there exists an additional heavy-neutrino enhancement due to the simultaneous presence of left-and righthanded currents in the loop [10] . These chirality-changing currents give rise to the reduced amplitude B in the decay amplitude (3.1). Since m M is not a iso-singlet mass term under SU(2) R , we have found that B tends to the non-vanishing expression m t m D /M 2 R in Eq. (5.3) for m M → ∞ and fixed VEV v R . Clearly, m M /v R cannot be arbitrarily large but should satisfy the perturbative bound (2.27). It may be worth emphasizing again that the observed non-decoupling behaviour of heavy neutrinos in the reduced amplitude B is a novelty in the left-right models and has no analogue in the SM with right-handed neutrinos discussed above. In fact, we have found that the new non-decoupling phenomenon can only originate from amplitudes, which violate chirality in the loop, thereby allowing for an active interplay between the left-handed mass scale m D and the right-handed one m M .
Numerical estimates have shown that a significant part of the parameter space of the left-right models may be constrained due to the dominant contribution of B and other low-energy data. Since these constraints depend in general on many independent parameters, we have systematized the presentation of our results in a number of plots in Figs. 7 -12 . In the numerical estimates we have studied the manifest as well as a typical non-manifest leftright model. To exemplify further the significance of such an analysis, we note in passing that for m N ≈ 10 TeV, s νe L ≈ 10 −2 and very heavy FCNC Higgs scalars, exclusion plots lead to W R boson that must be heavier than about 3 TeV in the manifest left-right symmetric models (cf. Fig. 11(d) ).
In conclusion, if experiments at DAΦNE or other future machines could substantiate a non-vanishing B(K L → eµ) at the level of 10 −11 − 10 −12 , this would be naturally accounted for within left-right models through the novel non-decoupling behaviour of the heavy neutrinos in the chirality-changing amplitudes. In the manifest left-right symmetric models, such an explanation would require relatively light W R -boson masses with M R ≈ 2 TeV and heavy neutrinos of several TeV, for light-heavy neutrino mixings s
constraints which are in compliance with all other low-energy data.
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A Feynman rules in the LRSM
In this appendix, we list all the relevant Feynman rules obtained within the left-right models, which govern the interactions of the gauge and Higgs bosons with leptons and quarks, as well as the trilinear self-couplings of the bosons. In particular, we assume that the SU(2) L weak coupling constant g L is equal to the corresponding SU(2) R one g R , i.e., g L = g R .
With the assumptions and simplifications mentioned above, the trilinear couplings among gauge, Higgs, and would-be Goldstone bosons, which are only relevant for K L → eµ, are given by (all momenta flow into the vertex)
where s β is defined in Eq. (2.5) and φ r,i 2 are the FCNC Higgs bosons. The corresponding couplings of the gauge, Higgs, and would-be Goldstone bosons to the charged leptons and neutrinos can be read off from the Lagrangians: 16) where the mixing matrices B R and C R are defined in Section 2, and summation over repeated indices is implied.
Similarly, the interactions of the gauge, Higgs and would-be Goldstone bosons with the quarks may be obtained from the Lagrangians
where V L and V R are the corresponding left and right mixing matrices in the quark sector.
B One-loop analytic results
Here, we will present the analytic expressions of all one-loop results. To this end, we first define the following loop functions:
, (B.6)
Equipped with the above loop functions and the Feynman rules given in Appendix A, we can calculate the individual contribution of the box diagrams, shown in Figs. 2-5 , to the decay amplitude of K L → eµ. More explicitly, we have
, and λ i and λ α are defined after Eq. (3.7). As has been shown in Section 4 however, the sum of the box contributions to B is not gauge independent by itself. One has to include vertex and self-energy graphs, which are depicted in Figs. 3 and 4 . These graphs will restore gauge invariance, after renormalization has been taken into account (see Section 4). Since we are interested in finding the corresponding gauge-dependent complement part of the box contributions to B in the Feynman-'t Hooft gauge, we keep only those terms that do not vanish in the formal mass limit M φ r,i 2 → ∞. In Section 4, we have also seen that there will be an implicit dependence of the loop integrals on the FCNC scalar masses, which enters via the OSS renormalization. Furthermore, we take both the FCNC scalars to be exactly degenerate, i.e., M φ r 
